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Perhaps the most important development 
emerging from mathematics in the last 
century is the advent of computers. One 
important topic that laid the foundations 
for functional programming languages, to-
gether with the perhaps more celebrated 
lambda calculus, is combinatory logic, in-
vented by Moses Schönfinkel in 1920. 

In combinatory logic, we have combina-
tors, which can be combined to simulate 
any computer program. Theoretically, var-
ious instances of the two combinators 
called S and K suffice to do this. However, 
additional combinators are usually em-
ployed to simplify and shorten the pro-
gram. One set of combinators that is 
amenable to a simple conversion from any 
intended behaviour to combinatory logic 
is the one containing the six combinators 
S, K, I, B, C and Y, each having a very spe-
cific, but very simple, definition. 

Remarkably, these six combinators can 
simulate mathematical objects like num-
bers, as well as operations on numbers like 
addition and multiplication. They can also 
simulate the logic constructs TRUE and 
FALSE, besides standard Boolean opera-
tions like AND, OR and NOT. Incredibly, 
they can additionally simulate data struc-
tures like pairs and lists. 

Last summer, Alexander Farrugia and 
Giorgio Grigolo participated in the second 
edition of the Summer of Math Exposition, 
organised by the well-known YouTuber 
Grant Sanderson (a.k.a. 3Blue1Brown) and 

James Schloss. Farrugia and Grigolo’s sub-
mission was a YouTube video explaining 
the basics of combinatory logic. This video 
may be watched at https://www.youtube. 
com/watch?v=gnrSedVucXs. 

Subsequently, Farrugia used the func-
tional programming language Haskell to 
write software that converts a program, 
written in a very crude language, to com-
binatory logic, then the resulting combi-
natory logic expression is evaluated to 
obtain the required output.  

The techniques used to successfully cre-
ate this software are explained in the 
YouTube video mentioned beforehand. 
Rudimentary constructs like truth values, 
numbers, pairs and lists were pro-

grammed using combinatory logic as well, 
so the execution time is slow.  

However, the crude language is expres-
sive enough to allow for the implementa-
tion of algorithms like Quicksort, a sorting 
method that is usually first learned in 
computing courses at advanced level.  

This is an impressive feat, considering 
that the numbers to be sorted, the natural 
ordering of numbers, and the list they 
were in, had to be simulated using combi-
natory logic before even implementing the 
algorithm. 

Even though combinatory logic is mostly 
of theoretical interest, this work is proof 
that mathematics it at the heart of any 
computation.
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Any form of computing re-
quires some form of logical 
reasoning and structured 
thinking. Although mathe-
matics involves more than 
these two skills, doing math-
ematics forces the person to 
think logically and to solve 
problems in a structured 
manner. Thus, even if a per-
son in a computer-related 
job ends up not using any of 
the mathematics learnt in 
college (which is implausi-
ble), these two aspects of 
mathematics greatly aid 
that person in their work. 

It needs to be said, how-
ever, that many different 
areas related to computing 
do require knowledge of 
various fields of mathemat-
ics. For example, no ma-
chine learning is done 
without at least some under-
standing of statistics and lin-
ear algebra. Cryptography 
requires having some un-
derlying number theory and 
abstract algebra to be fully 
understood. Data structures 
are best learned if the per-
son studying them has done 
inductive proofs and some 
form of discrete mathemat-
ics a priori. Even if a pro-
grammer is implementing a 
game, knowledge of how to 
write efficient, fast algo-
rithms that utilise the least 
amount of memory is often 
crucial; this is the branch of 
mathematics called algo-
rithmic complexity. Further-
more, the study of computer 
science is very theoretical in 
its own right; indeed, com-
puter science itself is a 
branch of mathematics. 

Clearly, then, mathemat-
ics is a great help to persons 
working in any computing 
field. 

Combinatory logic
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• Locally: The polynomial reconstruction 

problem asks if the eigenvalues of a 
graph – important in theoretical chem-
istry – can be reconstructed from those 
of its vertex-deleted subgraphs. In a 2021 
paper, Alexander Farrugia of the Univer-
sity of Malta Junior College showed that 

this problem is solved for those graphs 
having more than half of their eigenval-
ues shared by just one of their vertex-
deleted subgraphs. 

• Internationally: The problem on how to 
minimise the surface area of a cluster of 
bubbles was posed by John Sullivan in 
1999. According to leading mathemati-
cians, this problem required at least a 
century to crack. However, in June 2022, 

Emanuel Milman of the Technion in 
Haifa, Israel, and Joe Neeman of the Uni-
versity of Texas published a ground-
breaking paper in which they solved 
Sullivan’s problem for three bubbles in 
at least three dimensions, and for four 
bubbles in at least four dimensions. 

For more soundbites, listen to Radio  
Mocha Malta https://www.fb.com/ 
RadioMochaMalta/.

Converting the Quicksort algorithm to combinatory logic, then successfully sorting a 
list of numbers using this combinatory logic expression.

DID YOU KNOW?  
 
• In a month since the deadline of this year’s 

Summer of Math Exposition, the submitted 
videos collectively generated more than 
seven million YouTube views. 

• Although functional programming lan-
guages are not as commonly used as imper-
ative languages like Python, they are still 
used in industry. Indeed, the functional 
language Erlang was used to implement 
some features of Facebook and WhatsApp. 

• Schönfinkel published only two papers in 
his life. This was because of mental health 
issues, which he endured for more than 15 
years until his untimely death in 1942. 

• Haskell Curry rediscovered combinatory 
logic a few years after Schönfinkel and 
continued Schönfinkel’s work. Curry ini-
tially focused on showing that combina-
tory logic could be used as a foundation 
for mathematics. 

For more trivia, see: www.um.edu.mt/think. 

The book To Mock a Mockingbird and 
Other Logic Puzzles by Raymond 
Smullyan dedicates more than its 
latter half to combinatory logic. In 
the book, the fictitious Inspector 
Craig of Scotland Yard visits various 
forests nurtured by intriguing bird 
sociologists. These forests contain 
peculiar talking birds whose 
behaviour mimics those of various 
combinators like S (the starling) and 
K (the kestrel). Smullyan dedicates 
the book to the memory of Haskell 
Curry, a keen bird watcher who 
resumed Schönfinkel’s early work in 
combinatory logic. The Haskell 
programming language is named 
after him.


